Abstract. A one to one correspondence between shifts of group-like projections on a locally compact quantum group G which are preserved by the scaling group and contractive idempotent functionals on the dual G is established. This is a generalization of the Illie-Spronk's correspondence between contractive idempotents in the Fourier-Stieltjes algebra of a locally compact group G and cosets of open subgroups of G. We also establish a one to one correspondence between non-degenerate, integrable, G-invariant ternary rings of operators X ⊂ L ∞ (G), preserved by the scaling group and contractive idempotent functionals on G. Using our results we characterize coideals in L ∞ ( G) admitting an atom preserved by the scaling group in terms of idempotent states on G. We also establish a one to one correspondence between integrable coideals in L ∞ (G) and group-like projections in L ∞ ( G) satisfying an extra mild condition. Exploiting this correspondence we give examples of group like projections which are not preserved by the scaling group.
Introduction
The interest in projections in the Fourier-Stieltjes algebra B(G) of a locally compact groups dates back to Cohen [1] . Assuming that G is abelian, Cohen proved that projections in B(G) are in 1-1 correspondence with elements of the boolean ring generated by the cosets of open subgroups of G. Later Host [6] proved this for all locally compact groups. Remembering that B(G) is identified with the dual Banach space of the universal group C * -algebra C * (G), a more specific class of projections in B(G) can be considered. In this respect Illie and Spronk [7 Moving on to the realm of locally compact quantum groups, Faal and the author of the present paper extended the first half of Illie-Spronk result proving a 1-1 correspondence between group-like projections on L ∞ (G) preserved by the scaling group, and idempotent states on the dual locally compact quantum group G, see [2] . One of the main result of the present paper provides the quantum group extension of the second half the Illie-Spronk result by giving characterization of contractive idempotent functionals on G in terms of shifts of group-like projections preserved by the scaling group. Needless to say, that if G is locally compact group then group-like projections in L (G), see [10] . Throughout the paper G denotes a locally compact quantum group in the sens of Kustermans and Vaes [17] . The dual of G is denoted by G. The von Neumann and the C * -algebra assigned to G will be denoted by L ∞ (G) and C 0 (G) respectively, the latter being strongly dense in the former. The von Neumann algebra of G is equipped with a comultiplication ∆ : 
We will use the same symbol to denote the flipping σ : M⊗ N → N⊗ M where M, N are arbitrary von Neumann algebras. We will often view
where σ − weak in the superscript position means the σ − weak closure of the considered set. We shall often view W as an element of M(
for the canonical reducing surjection we have (id ⊗ Λ)( W) = W. We say that G is coamenable if Λ is an isomorphism, or equivalently if C 0 (G) admits a character ε : 
where σ − cls in the superscript position means the σ-weak closure of the linear span of the considered set. Given a coideal we define the
, for the details see [14] . We say that N is integrable if the set of elements x ∈ N + satisfying ψ(x) < ∞ is strongly dense in
. For more about the role of integrability condition in the theory of locally compact quantum groups see [12] . In particular it was prove there that N is integrable iff N ∩ D(η) = {0}.
A state on ω ∈ C u 0 (G) such that its convolution square ω * ω := (ω ⊗ ω) • ∆ u is equal to ω is called an idempotent state. Idempotent states on quantum groups has been intensely studied by now, see e.g. [4] , [21] , [20] , [11] , [2] . Note that if µ ∈ C u 0 (G) * , µ = 0 (here µ is a functional, not necessarily a state) satisfies µ * µ = µ and µ ≤ 1 then µ = 1. Such functionals are called contractive idempotent functionals, see [18] for their theory. As shown in the present paper a contractive idempotent functional µ ∈ C u 0 (G) * is assigned with a left shift of a group-like projection (see Definition 1.11):
Remarkably, shifts of group-like projections appeared recently in [8] , [9] in the context of uncertainty principle on locally compact quantum groups. Actually, group-like projections considered there were assumed to have finite Haar weight, and as noted in [13] , they are in 1-1 correspondence with normal idempotent states on G. Our Definition 1.11 of a shift of a group-like projection and the one used in [9] are compared in Remark 3.2.
The paper is written as follows. In the end of Introduction we fix further notation and prove some auxiliary facts. In Section 1 we show that if G is a locally compact quantum group and
is preserved by the scaling group of G if and only if P N is preserved by the scaling group of G. Using this result we give examples of grouplike projections which are not preserved by the scaling group. We also note that the assignment N → P N is injective and characterize group-like projections in L ∞ ( G) which are of the form P N . If G is a compact quantum group then we prove that the map
is surjective. We end Section 1 with the definition of a left and a right shift of a group-like projection. In Section 2 we show that given a contractive idempotent functional
is a shift of a group-like projection preserved by the scaling group τ . We derive from that the invariance of a contractive idempotent functionals under the scaling group. In Section 3 we prove the converse of the result of Section 2: shifts of group-like projection preserved by the scaling group are all of the form described in Section 2. In Section 4 we use our results to prove that a coideal N ⊂ L ∞ ( G) admits an atom (i.e. a non-zero central minimal projection Q ∈ Z( N)) preserved by the scaling group if and only if N is G-generated by a group-like projection P ∈ N which is preserved by the scaling group and Q is a left shift of P (see Definition 0.1 for the concept of G-generation). Finally, in Section 5 we establish a 1-1 correspondence between non-degenerate, integrable, G-invariant ternary rings of operators X ⊂ L ∞ (G), preserved by the scaling group and contractive idempotent functionals on G. Summarizing the main results of this paper establish a 1-1 correspondence between:
• idempotent contractive functionals ω ∈ C u 0 (G) * ; • shifts of group-like projections Q ∈ L ∞ ( G) preserved by the scaling group τ , where ω is assigned with
by the scaling group, where the corresponding projection
Definition 0.1. Let G be a locally compact quantum group, N ⊂ L ∞ (G) a coideal and x ∈ N. We say that N is G-generated by x if
Proof. The proof of (0.5) follows from the identities The following result will be used in Example 1.7.
where
(G) by shifts from the left and the right) we obtain x ∈ {ω * x * µ : ω, µ ∈ L ∞ (G) * } ′′ and thus using (0.7) we get π(x) = ρ(x).
Let us finish this section with the following plausible lemma.
Lemma 0.4. Let M be a von Neumann algebra, P ∈ M a minimal central projection and α : R → Aut(M) a continuous action of R on M. Then α t (P ) = P .
Proof. Using the minimality and centrality of P we can see, that for every y ∈ M there exists ε y ∈ C such that yP = ε y P . In particular α t (P )P = ε αt(P ) P and since α t (P )P is a projection we have ε αt(P ) ∈ {0, 1}. Using the continuity of the action α we conclude that the map R ∋ t → ε αt(P ) ∈ {0, 1} is continuous and since ε α0(P ) = 1 we get
for all t ∈ R. Applying α −t to (0.8) we conclude that α −t (P )P = α −t (P ) for all t ∈ R which together with (0.8) yields α t (P ) = P .
1. Group-like projections and their shifts
(G) be a non-zero self-adjoint projection. We say that P is a group-like projection if
Defining group-like projections one must choose between the identity (1.1) and its alternative
Our choice in Definition 1.1 is related with the choice in the definition of coideal (the alternative here would be ∆(N) ⊂ N⊗ L ∞ (G)) as seen in Proposition 1.5. Let us note that the unitary coinverse R turns left coideals into right coideal, and group-like projections in the sens of (1.1) into those satisfying (1.2).
). This shows that P ∈ M(C 0 (G)). In particular if G is coamenable, then applying (ε ⊗ id) to both sides of (1.1) we get P = P 2 = ε(P )P , thus ε(P ) = 1.
Let G be a locally compact quantum group. The main results of [2] and [11] establish a 1-1 correspondence between:
preserved by the scaling group τ , where ω is assigned with
In order to relate N with ω and P we shall also use notation N ω , N P etc. The following relations are scattered throughout [2] and [11] 
where in (1.3) we used the bimodule structure of L
(νx)(y) = ν(xy), (yν)(x) = ν(xy).
Note that (1.5) implies that P is ( τ -invariant) minimal central projection in N P . In Section 4 we shall prove that a coideal in L ∞ ( G) admitting a minimal central projection Q preserved by τ must be of the form N P for certain group-like projection P ∈ L ∞ ( G) preserved by τ . Moreover Q is then a left shift of P in the sens on Definition 1.11.
( G) be a group-like projection preserved by the scaling group τ . Then R(P ) = P and ∆(P )(P ⊗ 1) = P ⊗ P .
* be an idempotent state such that P = P ω . Remembering that ω is preserved by R u (see [21] ) and using ( R ⊗ R u )( W) = W together with P = (id ⊗ ω)( W) we get R(P ) = P . Applying ( R ⊗ R) to the identity (1.1) we get (1.2).
Using (1.5), Lemma 0.2, Lemma 0.4, Lemma 1.3 and the relation σ
• N P is preserved byτ , σ ψ and σ ϕ ;
• σ
In the next proposition we show, that P is a group-like projection in L ∞ ( G). Let us emphasize that this result holds without the assumption that N is preserved by τ , c.f. [2] . We denote
is a group-like projection and we have
(1.7) Moreover N is preserved by the scaling group τ if and only if P is preserved byτ .
Proof. The reasoning from the beginning of the proof of [13, Theorem 4.19] applies also in our case and yields that P ∈ L
also the beginning of the proof of Theorem 5.4). Using the equality (id
where in the third equality we used ∆(x) ∈ L ∞ (G)⊗ N and P ∈ N ′ . This shows that (1⊗P )W(P ⊗ 1) = W(P ⊗P ) which in turn implies that W * (1⊗P )W(P ⊗1) = P ⊗P , i.e. ∆(P )(1⊗P ) = P ⊗P . Suppose that N is preserved by τ . Using [11, Theorem 4.2] and [2, Theorem 3.1] we conclude that P is τ -invariant (a direct proof can also be obtained as in the proof of Corollary 5.5).
For x ∈ N ∩ D(η) and y ∈ D(η) we have
Using Podleś condition for N we conclude that
The converse inclusion is obtained by noting that a functional P ω can be approximated by linear combination of those of the form ω η(z),η(x) where x ∈ N ∩ D(η) and z
In particular if P is preserved byτ then using Equation (1.7) we conclude the τ -invariance of N.
Using Equation (1.7) we see that x ∈Ñ if and only if W(P ⊗ x) = (1 ⊗ x)W(P ⊗ 1) which is equivalent with ∆(x)(1 ⊗ P N ) = x ⊗ P N . Together with the Podleś condition forÑ the latter implies the next corollary. Corollary 1.6. Let N be an integrable coideal. Then
In particular P N is a minimal central projection in N. Example 1.7. Let us give two classes of examples of group-like projections not preserved by the respective scaling group:
(1) Let 0 < q < 1, G = SU q (2) and let N be the von Neumann algebra assigned to a Podleś sphere, see [19] . In what follows we restrict our attention to embeddable Podleś spheres, i.e. we assume that N is a coideal in L ∞ (G). Since all idempotent states on SU q (2) are of Haar type (see [5] ), N = N ω for all idempotent states ω on SU q (2) unless N corresponds to the standard Podleś sphere (the one which is of quotient type). In particular the group-like projection P N ∈ L ∞ ( SU q (2)) assigned to N is not preserved by the scaling group unless it corresponds to the standard Podleś sphere.
Then using Lemma 0.3 (with π = τ G t and ρ = τ G −t ) we get that τ t = id for all t ∈ R . In particular if G has a non-trivial scaling group then N is not of the form N ω for an idempotent state on G × G op and thus the group-like projection P N ∈ L ∞ ( G × G op ) assigned to N is not preserved by the scaling group. Note that the same can also be concluded using [3, Proposition 3.5], and conversely, the above reasoning yields an alternative proof of [3, Proposition 3.5].
Using Proposition 1.5 we see that the assignment N → P N is injective. In the next theorem we characterize group-like projections in L ∞ ( G) which are of the form
( G) be a group-like projection. There exists an integrable coideal N such that P = P N if and only there exists a ∈ D(η) \ {0} such that P η(a) = η(a).
Proof. The implication =⇒ is clear. For the converse implication consider
It is easy to check that M forms a coideal and P is a minimal central projection in M (c.f. Corollary 1.6). Let us consider the codual coideal
(1.8)
. the third paragraph of the proof of Proposition 1.5). Using [2, Remark 2.4] we conclude that a ∈ N and thus N is integrable. Let P N be the projection corresponding to N. Using Corollary 1.6 we see that P N is a minimal central projection inÑ. Since P P N η(x) = η(x). Thus P P N = 0 and by the minimality of both we get P = P P N = P N .
In the next theorem we show that the condition of Theorem 1.8 is satisfied for all group-like projections P ∈ L ∞ ( G) if G is a compact quantum group. Theorem 1.9. Let G be a CQG and P ∈ L ∞ ( G) a group-like projection. Then there exists a unique coideal N ⊂ L ∞ (G) such that P = P N .
Proof. We define N ⊂ L ∞ (G) as in the proof of Theorem 1.8. Clearly N is integrable. Using Corollary 1.6 we see that P N ∈Ñ. Applying ( ε ⊗ id) to the identity ∆(P N )(1 ⊗ P ) = P N ⊗ P . We conclude that P N P = P thus P N ⊂ P . Since P is minimal we have P = P N .
Before defining shifts of group-like projection we shall prove the following auxiliary lemma.
(1.9)
Then (1 ⊗ y)∆(y) = y ⊗ y. Moreover ψ(Q) = ψ(y); in particular y = 0. Furthermore if y * = y then y 2 = y. Finally, if τ t (Q) = Q then τ t (y) = y.
Proof. Applying (ψ ⊗ id) to (1.9) and using right invariance of ψ we obtain ψ(Q)Q = ψ(y)Q thus ψ(Q) = ψ(y). The identity (1 ⊗ y)∆(y) = y ⊗ y (1.10) is the consequence of the following computation
In particular (1 ⊗ Q)∆(Q) is a projection and thus (Q ⊗ y) and y are projections. Applying τ t ⊗ τ t to (1 ⊗ Q)∆(Q) = y ⊗ Q we see that τ t (y) ⊗ Q = y ⊗ Q, i.e. y = τ t (y).
(G) be self-adjoint projections and P a group-like projection. We say that Q is a right-shift of P if ∆(Q)(1 ⊗ Q) = P ⊗ Q. We say that Q is a left shift of P if ∆(Q)(Q ⊗ 1) = Q ⊗ P . Remark 1.12. Suppose that Q, P are self-adjoint projection such that ∆(Q)(Q ⊗ 1) = Q ⊗ P . Applying Lemma 1.10 to R(Q) we see that R(P ) is a group-like projection. If Q is preserved by τ t then R(P ) is preserved by τ as well. In particular R(P ) = P (see Lemma 1.3) and we get ∆(P )(1 ⊗ P ) = P ⊗ P .
From contractive idempotents to shifts of group-like projections
The theory of contractive idempotent functionals on coamenable locally compact quantum groups were developed in [18] . Actually most of the results proved there (in particular those contained in Sections 1-3) hold without coamenability; the universal way to drop the coamenability is to repeat essentially the same proof as in [18] , with the difference that whenever the multiplicative unitary W is used, one must replace it with its half-lifted version W. In Section 5 we shall show how to drop the amenability which was used in the proof of [18, Theorem 4.1].
Let ω ∈ C u 0 (G) * be a contractive idempotent functional and |ω| r , |ω| l ∈ C u 0 (G) * the idempotent states assigned to ω as described in [18, Theorem 2.4] , where |ω| r (|ω| l ) is the right (respectively the left) absolute value of ω. For µ ∈ {ω, ω * , |ω| l , |ω| r } we define
Note that P µ being a projection of norm not grater than 1, it must be of norm one and thus self-adjoint. We shall use the notation ∆ r,u (x) = W (x ⊗ 1) W * . It can be checked that ∆
* be a contractive idempotent state and P ω , P |ω|r , P |ω| l ∈ L ∞ ( G) the self-adjoint projections introduced above. Then, ω is preserved by τ u and P ω is τ -invariant left (right) shift of P |ω|r (P |ω| l ).
Proof. We have, (see [18, Lemma 3 
2)
In what follows we shall write
Using (2.2), (2.6) and (2.7) we get
Since the latter holds for all
and we see that P ω is a right shift of P |ω| l . Similarly we check that
In particular P ω is a left shift of P |ω|r . Since ω * (recall that ω * (a) = ω(a * )) is a contractive idempotent state and |ω * | l = |ω| r and |ω * | r = |ω| l we also have (c.f. Equation (2.9))
In particular using Equation (1.5) together with (2.11) and (2.12) we see that P ω is a minimal central projection in N |ω|r . Using Lemma 0.4 and Lemma 0.2 we conclude that
* be a contractive idempotent functional and v ∈ C u 0 (G) the element satisfying ω = |ω| l v = v|ω| r (c.f. [18, Theorem 2.3] ). Since the functionals ω, |ω| l , |ω| r are preserved by τ u we conclude that τ u t (v) = v for all t ∈ R.
From shift of group-like projections to contractive idempotent functionals
The next theorem in particular provides the converse of Theorem 2.1.
Proof. Using Remark 1.12 we see that P = 0 is a group-like projection preserved by τ . The strong left invariance of ϕ has the form
and we get
Let N be the coideal G-generated by P and let ν ∈ L ∞ ( G) * be such that, ν = 1 and ν( R(Q)) = 1. Then, using Equation (3.1) we get
and it is a minimal projection in N (c.f. Equation (1.5)). Using Lemma 0.4 and Corollary 1.4 we
* be the idempotent state such that (id ⊗ω)( W) = P . Then
Putting ω =ωa we see that ω ≤ 1 and (id ⊗ ω)( W) = Q. Since Q is a projection ω must be an idempotent functional. Remark 3.2. Left shifts of group-like projections considered in [9] were assumed to satisfy ϕ(Q) = ϕ(P ) < ∞ and they were defined by two conditions:
The τ -invariance of Q then follows. Note that assuming in Theorem 3.1 that Q satisfies ∆(Q)(Q ⊗ 1) = Q ⊗ P and τ t (Q) = Q for all t ∈ R, we get (3.3) and ϕ(P ) = ϕ(Q) as a consequence. Conversely, assuming ∆(P )(1 ⊗ Q) = R(Q) ⊗ Q and τ t (Q) = Q and using strong left invariance of ϕ as in the computation preceding (3.1) we can prove that ∆(Q)(Q ⊗ 1) = Q ⊗ P . 
Proof. The existence ofP follows from Theorem 3.1 and Theorem 2.1. Denote
and using Equation (1.5) conclude the converse containment
Coideals admitting an atom
* such that Q is a left shift of P ω . Moreover N = N ω and we have
Proof. Let a ∈ N. By minimality and centrality of
forms a coideal and π : N ∋ a →ȃ ∈ M is G -equivariant normal * -homomorphism which commutes with τ . E.g. the G -equivariance follows from the computation
Similarly we check that π • τ t = τ t • π. By the ergodicity of the action of G on N, π is an isomorphism. Indeed otherwise there exists q ∈ Z( N) such that ker π = Nq, q = 0. Using the covariance of π we get ∆(q) ≤ 1 ⊗ q. Thus using [16, Lemma 6 .4] we get q = 1 which contradicts the unitality of π.
Let us denote P 0 = π(Q). Using Lemma 1.10 we see that P 0 is a group-like projection. Clearly, P 0 is minimal, central τ t -invariant in M (since the same holds for Q ∈ N). Let ω 0 ∈ C u 0 (G) * be the idempotent state such that P 0 = (id ⊗ ω 0 )( W ) and N ω0 ⊂ L ∞ (G) the coideal assigned to ω 0 . By the minimality and centrality of
Slicing Equation (4.1) with (ν ⊗ id) where ν ∈ L ∞ ( G) * and using (1.3) we see that bx = xc for all x ∈ N ω0 . Putting x = 1 we get b = c and thus M ⊂ N ω0 . Since P 0 ∈ M and N ω0 is G-generated by P 0 (see Equation (1.5)) we also have the converse inclusion. In particular M is G-generated by P 0 and since π identifies N and M, N is G-generated by Q.
The equality π(Q) = P 0 reads ∆(Q)(1 ⊗ Q) = P 0 ⊗ Q and together with R(P 0 ) = P 0 implies ∆( R(Q))( R(Q) ⊗ 1) = R(Q) ⊗ P 0 . Using Corollary 3.3 we see that there exists τ -invariant grouplike projection P such that ∆( R(Q))(1⊗ R(Q)) = P ⊗ R(Q). In particular we have ∆(Q)(Q⊗1) = Q ⊗ P and, again using Corollary 3.3, we see that Q and P G-generate the same coideal, i.e.
Denoting by ω ∈ C u 0 (G) * the idempotent state corresponding to P we get N = N ω and we are done.
Ternary rings of operators and contractive idempotent functionals
Definition 5.1. Let M be a von Neumann algebra, X ⊂ M a linear subspace closed in the σ −weak topology. We say that X is a ternary ring of operators (TRO) if ab * c ∈ X whenever a, b, c ∈ X.
Let ψ be an n.s.f. weight on M and η the GNS map assigned to ψ. We say that X is ψ-integrable (or simply integrable) if X ∩ D(η) is a σ − weakly dense subspace of X. The Hilbert space completion of η(X ∩ D(η)) will be denoted by L 2 (X).
If X ⊂ M is a TRO then X * is a TRO. Note that {a * b : a, b ∈ X} σ−cls ⊂ M is a subalgebra of M which we shall denote by X * X . If 1 M ∈ X * X ∩ XX * then we say that X is a non-degenerate TRO in M (see [22] for the discussion of non-degeneracy condition in the contetxt of TRO's).
Example 5.2. Let G be a locally compact quantum group and
Using the method of the proof of [18, Theorem] we see that X ω is TRO. Since ω * x ∈ D(η) for all x ∈ D(η) we conclude that X ω is integrable. Let us prove that
(5.1) Using Equation (2.1) in the second equality below we get
and using Equation (5.1) we conclude that {E ω (a) * E ω (b) : a, b} σ−cls is equal N |ω| l . Similarly we check that X ω X * ω = N |ω|r and we see that X ω is nondegenerate. It is easy to check that X ω is preserved by G. Using τ u -invariance of ω we see that τ t • E ω = E ω • τ t , and thus X ω is preserved by τ .
Let X ⊂ M be a TRO. The linking von Neumann algebra A X ⊂ M⊗ M 2 (C) is defined by
In particular the weak Podleś condition holds [15, Corollary 2.7] ). This implies the equality (5.2) in the next proposition.
If X is preserved by τ then it is preserved by σ ψ . If in addition X is integrable then X * is integrable.
Proof. As explained in the paragraph preceding the formulation of Proposition 5.3, X satisfies (5.2). Suppose that X is preserved by τ . Using the identity (σ Then σ
) is dense in X we conclude that X * is integrable.
Proposition 5.4. Let G be a locally compact quantum group and X ⊂ L 
(X), i.e. yQ = QyQ. Since the latter holds for all elements of a dense set of L
where in the second equality we used (1 ⊗ Q)∆(x) = ∆(x)(1 ⊗ P ) (see Ad (1)). This computation shows that (1 ⊗ Q)W(Q ⊗ 1) = W(Q ⊗ P ) which is equivalent with ∆(Q)(1 ⊗ Q) = P ⊗ Q. In particular P ∈ L ∞ ( G) and Q is a right shift of P . Proof. It is enough to check that Q is preserved by the scaling group τ (c.f. Theorem 3.1). Using Proposition 5.3 we see that X is preserved by σ ψ . In particular ∇ it Q∇ −it = Q where T = J∇ is the Tomita-Takesaki operator assigned with ψ. Then using [17, Proposition 2.1] we see that τ t (Q) = Q for all t ∈ R. 
where ν ij ∈ L ∞ (G) * for i, j = 1, 2 and
′ is a von Neumann algebra we get yP = P y for all y ∈ 4 i=1 L ∞ ( G) ′ and thus P acts diagonally on
(G). Since P is a Hilbert space version of E we conclude that E is a Shur map of the form (5.4). The Hilbert space version of E 12 is the orthogonal projection Q :
(X), as described in Proposition 5.4, and we have η(E 12 x) = Qη(x) for all x ∈ D(η). Since X is preserved by τ , we can use Corollary 5.5 to conclude that there exists a contractive idempotent functional ω ∈ C u 0 (G) * such that Q = (id ⊗ ω)( W ). Using Equation (0.2) we see that Qη(x) = η(ω * x) and we get E 12 (x) = ω * x for all x ∈ L ∞ (G). This shows that X = X ω and we are done.
Remark 5.7. A similar result linking TRO's with contractive idempotent functionals (in the C * -algebraic framework) was also obtained in [18, Theorem 4.1] . In the corresponding reasoning amenability was assumed and used to show that E 12 has the form E 12 (x) = ω * x. We were able to avoid amenability in our reasoning by proving Proposition 5.4 first and then using it to get the same formula for E 12 .
